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Abstract

The estimation of probability density functions is
a fundamental problem in science and engineer-
ing. However, common methods such as kernel
density estimation (KDE) have been demonstrated
to lack robustness, while more complex methods
have not been evaluated in multi-modal estimation
problems. In this paper, we present ROME (RO-
bust Multi-modal Estimator), a non-parametric ap-
proach for density estimation which addresses the
challenge of estimating multi-modal, non-normal,
and highly correlated distributions. ROME utilizes
clustering to segment a multi-modal set of samples
into multiple uni-modal ones and then combines
simple KDE estimates obtained for individual clus-
ters in a single multi-modal estimate. We compared
our approach to state-of-the-art methods for density
estimation as well as ablations of ROME, showing
that it not only outperforms established methods
but is also more robust to a variety of distributions.
Our results demonstrate that ROME can overcome
the issues of over-fitting and over-smoothing exhib-
ited by other estimators.

1 Introduction

Numerous processes are non-deterministic by nature, from
geological and meteorological occurrences, biological activi-
ties, as well as the behavior of living beings. Estimating the
underlying probability density functions (PDFs) of such pro-
cesses enables a better understanding of them and opens pos-
sibilities for probabilistic inference regarding future develop-
ments. Density estimation is instrumental in many applica-
tions including classification, anomaly detection, and evalu-
ating probabilistic AI models, such as generative adversar-
ial networks [Goodfellow et al., 20201, variational autoen-
coders [Wei et al., 2020], normalizing flows [Kobyzev et al.,
20201, and their numerous variations.

When probabilistic models are trained on multi-modal
data, they are often evaluated using simplistic metrics (e.g.,
mean squared error (MSE) between the predicted and ground
truth samples). However, such simplistic metrics are unsuited

*Extended version with appendix: https://arxiv.org/abs/2401.10566
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Figure 1: ROME takes samples from unknown distributions and es-
timates their densities to enable further downstream applications.

for determining how well a predicted distribution corresponds
to the underlying distribution, as they do not capture the fit to
the whole distribution. For example, the lowest MSE value
between true and predicted samples could be achieved by ac-
curate predictions of the mean of the true underlying distribu-
tion whereas potential differences in variance or shape of the
distribution would not be penalized. This necessitates more
advanced metrics that evaluate the match between the model
and the (potentially multi-modal) data. For instance, nega-
tive log-likelihood (NLL), Jensen-Shannon divergence (JSD),
and expected calibration error (ECE) can be used to evalu-
ate how well the full distribution of the data is captured by
the learned models [Xu et al., 2019; Mozaffari et al., 2020;
Rasouli, 2020]. However, most data-driven models represent
the learned distribution implicitly, only providing individual
samples and not the full distribution as an output. This com-
plicates the comparison of the model output to the ground-
truth data distributions since the above metrics require distri-
butions, not samples, as an input. Practically, this can be ad-
dressed by estimating the predicted probability density based
on samples generated by the model.


https://arxiv.org/abs/2401.10566
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Simple methods like Gaussian mixture models (GMM),
kernel density estimation (KDE) [Deisenroth er al., 20201,
and k-nearest neighbors (kKNN) [Loftsgaarden and Quesen-
berry, 1965] are commonly used for estimating probabil-
ity density functions. These estimators however rely on
strong assumptions about the underlying distribution, and can
thereby introduce biases or inefficiencies in the estimation
process. For example, problems can arise when encountering
multi-modal, non-normal, and highly correlated distributions
(see Section 2). While more advanced methods such as mani-
fold Parzen windows (MPW) [Vincent and Bengio, 2002] and
vine copulas (VC) [Nagler and Czado, 2016] exist, they have
not been thoroughly tested on such problems, which raises
questions about their performance.

To overcome these limitations, we propose a novel den-
sity estimation approach: RObust Multi-modal Estimator
(ROME). ROME employs a non-parametric clustering ap-
proach to segment potentially multi-modal distributions into
separate uni-modal ones (Figure 1). These uni-modal sub-
distributions are then estimated using a downstream proba-
bility density estimator (such as KDE). We test our proposed
approach against a number of existing density estimators in
three simple two-dimensional benchmarks designed to eval-
uate a model’s ability to successfully reproduce multi-modal,
highly-correlated, and non-normal distributions. Finally, we
test our approach in a real-world setting using a distribution
over future trajectories of human pedestrians created based
on the Forking Paths dataset [Liang ef al., 2020].

2 Related Work

The most common class of density estimators are so-called
Parzen windows [Parzen, 1962], which estimate the den-
sity through an aggregation of parametric probability density
functions. A number of common methods use this approach,
with KDE being a common non-parametric method [Silver-
man, 1998]. Provided a type of kernel — which is often-
times a Gaussian but can be any other type of distribution
— KDE places the kernels around each sample of a data distri-
bution and then sums over these kernels to get the final den-
sity estimation over the data. This method is often chosen as
it does not assume any underlying distribution type [Silver-
man, 1998]. However, if the underlying distribution is highly
correlated, then the common use of a single isotropic kernel
function can lead to over-smoothing [Vincent and Bengio,
2002; Wang et al., 2009]. Among multiple approaches for
overcoming this issue [Wang et al., 2009; Gao er al., 2022],
especially noteworthy is the MPW approach [Vincent and
Bengio, 2002]. It uses a unique anisotropic kernel for every
datapoint, estimated based on the correlation of the k-nearest
neighbors of each sample. However, it has not been previ-
ously tested in high-dimensional benchmarks, which is espe-
cially problematic as the required memory scales quadrati-
cally with the dimensionality of the problem.

Another common subtype of Parzen windows are
GMMs [Deisenroth et al., 20201, which assume that the data
distribution can be captured through a weighted sum of Gaus-
sian distributions. The parameters of the Gaussian distri-
butions — also referred to as components — are estimated
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through expected likelihood maximization. Nonetheless, es-
pecially for non-normal distributions, one needs to have prior
knowledge of the expected number of components to achieve
a good fit without over-fitting to the training data or over-
smoothing [McLachlan and Rathnayake, 2014].

Besides different types of Parzen windows, a prominent
alternative is kNN [Loftsgaarden and Quesenberry, 1965]
which uses the local density of the k£ nearest neighbors
of every data point to estimate the overall density. While
this method is non-parametric, it cannot be guaranteed that
the resulting distribution will be normalized [Silverman,
1998]. This could be rectified by using Monte Carlo sam-
pling to obtain a good coverage of the function’s domain
and obtain an accurate estimate of the normalization fac-
tor, which, however, becomes computationally intractable for
high-dimensional distributions.

When it comes to estimating densities characterized by
correlations between dimensions, copula-based methods are
an often favored approach. Copula-based methods decom-
pose a distribution into its marginals and an additional func-
tion, called a copula, which describes the dependence be-
tween these marginals over a marginally uniformly dis-
tributed space. The downside of most copula-based ap-
proaches is that they rely on choosing an adequate copula
function (e.g., Gaussian, Student, or Gumbel) and estimating
their respective parameters [Joe, 2014]. One non-parametric
copula-based density estimator [Bakam and Pommeret, 2023]
aims to address this limitation by estimating copulas with the
help of superimposed Legendre polynomials. While this can
achieve good results in estimating the density function, it may
become computationally intractable as the distribution’s di-
mensionality increases. Another approach involves the use of
VC [Nagler and Czado, 2016], which assume that the whole
distribution can be described as a product of bivariate Gaus-
sian distributions, thus alleviating the curse of dimensionality.
Its convergence, however, can only be guaranteed for nor-
mal distributions. Elsewhere [Otneim and Tjgstheim, 20171,
a similar approach was pursued, with changes such as using
logarithmic splines instead of univariate KDEs for estimat-
ing the marginals. However, both of these approaches are
not designed for multi-modal distributions and have not been
thoroughly tested on such problems.

3 RObust Multi-modal Estimator (ROME)

The problem of density estimation can be formalized as find-
ing a queryable p € P, where

P={g:RM 5> R"|[g(z)dx =1},

such that pis close to the non-queryable PDF p underlying the
N available M-dimensional samples X € RV*M: X ~ p.
A solution to the above problem would be an estimator
f:RNXM 5 P resulting in p = f(X). Our proposed esti-
mator frome! (Algorithm 1) is built on top of non-parametric
cluster extraction. Namely, by separating groups of samples
surrounded by areas of low density — expressing the mode
of the underlying distribution — we reduce the multi-modal

'Source code: https://github.com/anna-meszaros/ROME
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Algorithm 1 ROME

function TRAINROME(X)
> Clustering (OPTICS)
X7 ~n, RN < REACHABILTYANALYSIS(X)
C,S+ {{1,...,N}},-1.1
forallc € £ do
C, DBSCAN(RLN, 6)
SE — SIL(CG, X[JV)
if S, > S then
C, S+ C.5S.
forall £ € £ do
C¢ + &-clustering(R; v, &)
S& — SIL(C’E7 XI,N)
if S¢ > S then
C, S Cg, S&
for all C € C do
> Decorrelation
To — MEAN(Xc)
YC — Xco —Zc
Ry + PCA(X ()
> Normalization
¥c + STD(XcRY)
Tc + REXE!
> PDF Estimation
pc < fxoe (XcTc)
return C, {pc,Tc,Tc |C € C}

function QUERYROME(z, X)
C,{pc,ZTc,Tc |C € C} + TRAINROME(X)
=0
for all C € C do
T+ (:B — fc) Tc
I+ l+In(pe(2))+1In(|C|)—In N+1n(| det(Te)))
return exp(!)

density estimation problem to multiple uni-modal density es-
timation problems for each cluster. The distributions within
each cluster then become less varied in density or correla-
tion than the full distribution. Combining this with decor-
relation and normalization, the use of established methods
such as KDE to estimate probability densities for those uni-
modal distributions is now more promising, as problems with
multi-modality and correlated modes (see Section 2) are ac-
counted for. The multi-modal distribution is then obtained as
a weighted average of the estimated uni-modal distributions.

3.1 Extracting Clusters

To cluster samples X, ROME employs the OPTICS algo-
rithm [Ankerst er al., 1999] that can detect clusters of any
shape with varying density using a combination of reachabil-
ity analysis — which orders the data in accordance to reach-
ability distances — followed by clustering the ordered data
based on these reachability distances.

In the first part of the algorithm, the reachability analysis
is used to sequentially transfer samples from a set of unin-
cluded samples X ; to the set of included and ordered sam-

ples X ;, starting with a random sample x1 (X1 = {x1}
and Xy 1 = X\{x1}). The samples x;, are then selected
at iteration ¢ based on the reachability distance 7:

it1 = argminr(z, X7 ;) = argmin min d, (z,z) .
zeXy,; reXy,; Xy,
(D

This sample is then transferred between sets, with X7 ;41 =
XriU{@it1} and Xy 41 = Xpi\{xi+1}, while expand-
ing the reachability set R;4+1 = R; U {r(x;+1, X))} (with
R, = {o0}). The reachability distance d,- in Equation (1) is
defined as

d, (x, &) = max { le — ||, ming, |x— £||} ,

zeX\{=}

where miny, is the k.-smallest value of all the available Z,
used to smooth out random local density fluctuations. We use

k’c = min {kma)m max {kmin, ﬂ }} ) (2)
Qg

where ki, and k.« ensure there are sufficient but not too
many points for this smoothing, while the term N M /«y, ad-
justs k. to the number of samples and dimensions.

The second part of the OPTICS algorithm — after ob-
taining the reachability distances Ry and the ordered set
X n — is the extraction of a set of clusters C, with clus-
ters C' = {Cmin; - -, Cmax} € C (with X¢ = {xr N ;]j €
C} € RICIXM)  Ag the computational cost of creating such a
cluster set is negligible compared to the reachability analysis,
we can test multiple clusterings generated using two differ-
ent approaches (With Thound = MIN{TN ¢, s TN cpan+1 1> SEE
Appendix A for further discussion):

* First, we use DBSCAN [Ester et al., 1996] for generat-
ing the clustering C'¢ based on an absolute limit €, where
a cluster must fulfill the condition:

TN,c <e€ S Tbound Vce C\{Cmin} . (3)

 Second, we use &-clustering [Ankerst et al., 1999] to
generate the clustering C¢ based on the proportional
limit &, where a cluster fulfills:

£< I—MVCEC\{cmm}. “4)

Tbound

In both cases, each prospective cluster C' also has to fulfill
the condition |C| > 2. However, it is possible that not every
sample can be fit into a cluster fulfilling the conditions above.
These samples are then kept in a separate noise cluster Cyise
that does not have to fulfill those conditions (Cyise € C. Or
Choise € C'¢ respectively). Upon generating multiple sets of
clusters C. (e € ¢) and C¢ ({ € &), we select the final set
of clusters C' that achieves the highest silhouette score? S =
SIL(C, X n) € [-1,1] [Rousseeuw, 1987]. The clustering
then allows us to use PDF estimation methods on uni-modal
distributions.

“The silhouette score measures the similarity of each object to its
own cluster’s objects compared to the other clusters’ objects.
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Aniso Varied Two Moons

Figure 2: Samples from the two-dimensional synthetic distributions
used for evaluating different PDF estimators.

3.2 Feature Decorrelation

In much of real-life data, such as the distributions of a per-
son’s movement trajectories, certain dimensions of the data
are likely to be highly correlated. Therefore, the features in
each cluster C' € C should be decorrelated using a rotation
matrix R € RM*M _In ROME, R is found using princi-
pal component analysis (PCA) [Wold et al., 1987] on the clus-
ter’s centered samples X o = X — ¢ (T is the cluster’s
mean value). An exception are the noise samples in Cojse,
which are not decorrelated (i.e., R¢c,,. = I). One can then
get the decorrelated samples Xpca ¢

T o T
XPCA,C = R0XC :

3.3 Normalization

After decorrelation, we use the matrix 3¢ € RM*M (g nor-
malize Xpca,c:

—~ ~ \—-1 ~ N1

Xo = Xeenc (S¢) = XcRE(S¢)  =XcTe.
Here, ENDC is a diagonal matrix with the entries bvé,m). To avoid
over-fitting to highly correlated distributions, we introduce a
regularization with a value o, (similar to [Vincent and Ben-
gio 2002]) that is applied to the empirical standard deviation

ol A c =/ Vi (Xeca,c) (Vyy, is the variance along feature

m) of each rotated feature m (with G’ = C \ Choise }):
V'm X“a
max{ > %7 Umin} C' = Choise
~(m) o €cecC’
O—C =
1— —Gulp U}()c /2 1+ Omin otherwise
PCA,C

3.4 Estimating the Probability Density Function

Taking the transformed data (decorrelated and normalized),
ROMEE fits the Gaussian KDE fxpg on each separate cluster
C as well as the noise samples Cjise. For a given bandwidth
bc for data in cluster C, this results in a partial PDF pc.

e @) = fioe (Xe) @) = 7 3 N @lxcbed)
XEXC

The bandwidth bg is set using Silverman’s rule [Silverman,
1998]:

1

b (M2 NTTE (1 C=Che
@~ 4 ¢ Tl else
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Figure 3: Samples from the multi-modal pedestrian trajectory distri-
bution [Liang et al., 2020] used for evaluating different PDF estima-
tors. Trajectories span 12 timesteps recorded at 2.5 Hz.

To evaluate the density function p = frome (X)) for a given
sample x, we take the weighted averages of each cluster’s po:

b= 3 e (@ 7o) Te) | det (12
ceC

Here, the term |C|/N is used to weigh the different distri-
butions of each cluster with the size of each cluster, so that
each sample is represented equally. As the different KDEs
Dc are fitted to the transformed samples, we apply them not
to the original sample x, but instead apply the identical trans-
formation used to generate those transformed samples, using
pe (& —Z¢)). To account for the change in density within
a cluster C introduced by the transformation T, we use the
factor | det (T¢) |-

4 Experiments

We compare our approach against two baselines from the lit-
erature (VC [Nagler and Czado, 2016] and MPW [Vincent
and Bengio, 2002]) in four scenarios, using three metrics.
Additionally, we carry out an ablation study on our proposed
method ROME.

For the hyperparameters pertaining to the clustering within
ROME (see Section 3.1), we found empirically that stable
results can be obtained using 199 possible clusterings, 100
for DBSCAN (Equation (3))

2
€= {mmRN + (99) (max(Ry\{oc}) — min Ry) |
199} }

combined with 99 for ¢-clustering (Equation (4))

e={gg!8 € o)},

as well as using kpin = 5, kmax = 20, and o, = 400 for
calculating k. (Equation (2) and Appendix C).

acd{0,...

4.1 Distributions

In order to evaluate different aspects of a density estimation
method f, we used a number of different distributions.
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0.016 +0.001 0.743 +0.005

1.03 +0.22

1.24 +0.24 9.30+1.30 29.324+0.02 26.09+0.02 —215.23+17.6

Dys 1§ W =0 L+
Distrib. ROME MPW vC ROME MPW vC ROME MPW vC
Aniso ‘ 0.010 +0.001 0.026 +0.002 0.005 +0.001 ‘ —0.134+0.31 —0.604+0.13 1.91+0.91 ‘ —2.53+0.02 —2.574+0.02 —3.1940.02
Varied ‘ 0.011 +0.001 0.025 +0.002 0.008 +0.001 ‘ —0.13+0.20 —0.49+0.11 1.27+0.53 ‘ —4.10+0.03 —4.12+0.03 —4.294+0.03
Two Moons ‘ 0.002 +0.001 0.023 +0.002 0.008 +0.002 ‘ 1.40+0.52 —0.52+0.10 1.36+0.51 ‘ —1.024+0.01 —0.36+0.01 —0.95+0.01
|

Trajectories ‘ 0.008 +0.002

Table 1: Baseline Comparison — marked in red are cases with notably poor performance; best values are underlined.

ROME MPW vC

Figure 4: Samples obtained with ROME, MPW and VC (pink) con-
trasted with samples from p (blue); Varied.

» Three two-dimensional synthetic distributions (Figure 2)
were used to test the estimation of distributions with
multiple clusters, which might be highly correlated
(Aniso) or of varying densities (Varied), or express non-
normal distributions (Two Moons).

* A multivariate, 24-dimensional, and highly correlated
distribution generated from a subset of the Forking Paths
dataset [Liang et al., 2020] (Figure 3). The 24 dimen-
sions correspond to the x and y positions of a human
pedestrian across 12 timesteps. Based on 6 original tra-
jectories (z; € R'2*2), we defined the underlying dis-
tribution p in such a way, that one could calculate a sam-
ple  ~ p with:

x = sx; R} + Ln, withi ~U{1,6}.

Here, Ry € R?*? is a rotation matrix rotating x; by
6 ~ N(0, 155), while s ~ N(1,0.03) is a scaling factor.
n = N(0,0.03I) € R'2%2 is additional noise added on
all dimensions using L € R'2%12 3 lower triangular
matrix that only contains ones.

Further tests on uni-modal problems can be found in Ap-
pendix E.

4.2 Evaluation and Metrics

When estimating density p, since we cannot query the distri-
bution p underlying the samples X, we require metrics that
can provide insights purely based on those samples. To this
end we use the following three metrics to quantify how well
a given density estimator f can avoid both over-fitting and
over-smoothing.

e To test for over-fitting, we first sample two differ-
ent datasets X; and Xs (N samples each) from p
(X1,X5 ~ p). We then use the estimator f to cre-
ate two queryable distributions p; = f(X;) and py =
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f(X3). If those distributions p; and ps are similar, it
would mean the tested estimator does not over-fit; we
measure this similarity using the Jensen-Shannon diver-
gence [Lin, 1991]:

PN 1
Dis(pllp2) = 5357

2N 1n(2) zeXUX>

hi(e) = — @) ln<

p1(x) + pa(x)

hi(z) + ha(zx)

2pi(x) )

p1(x) + pa(x)

This metric, however, is not able to account for system-
atic biases that could be present in the estimator f. Com-
parisons of p; with p — if the dataset allows — can be
found in Appendix D.

 To test the goodness-of-fit of the estimated density, we

first generate a third set of samples X, 1 ~ pp with N
samples. We then use the Wasserstein distance W [Vil-

lani, 2009] on the data to calculate the indicator W:
& WXL X)) - WX, Xy)
W(X1, X2)

Here, W > 0 indicates over-smoothing or misplaced
modes, while —1 < W < 0 indicates over-fitting.

* Not every density estimator f has the ability to gener-
ate the samples X;. Consequently, we need to test for

goodness-of-fit without relying on X, 1. Therefore, we
use the average log-likelihood

P=5 Y mi).

xeXo

which would be maximized only for p = p; as long
as X5 is truly representative of p (see Gibbs’ inequal-
ity [Kvalseth, 1997]). However, using this metric might
be meaningless if p; is not normalized, as the presence
of the unknown scaling factor makes the L values of
two estimators incomparable, and cannot discriminate
between over-fitting and over-smoothing.

For each candidate method f, we used N = 3000, and
every metric calculation was repeated 100 times to take into
account the inherent randomness of sampling from the dis-
tributions, with the standard deviation in the tables being re-
ported with +.
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Norm. | No norm. f Norm. | Nonorm.
Cluster. Decorr. | No decorr. GMM Cluster. Decorr. | No decorr.
Silhouette ‘ —0.1340.20 ‘ —0.1340.20 ‘ —0.13+0.19 ‘ —0.14+0.20 Silhouette ‘ —2.5340.02 ‘ —2.70+0.01 ‘ —2.7940.01
DBCV | —0.09t0.23| —0.09+0.23 | —0.07+0.23 | —0.03:0.24 DBCV | —25610.02 | -2.69t0.01 | -—2.83x0.02
Noclus. | 228:072| 226072 —0.17+0.26 | 10.53+2.54

Table 2: Ablations (/V[7 — 0, Varied): Clustering is essential to
prevent over-smoothing. ROME highlighted in gray. Note that the
differences between Silhouette and DBCV are not statistically sig-
nificant.

4.3 Ablations

To better understand the performance of our approach, we
investigated variations in four key aspects of ROME:

¢ Clustering approach. First, we replaced the silhouette
score (see Section 3.1) with density based cluster val-
idation (DBCV) [Moulavi et al., 2014] when selecting
the optimal clustering out of the 199 possibilities. Fur-
thermore, we investigated the approach of no clustering

C={{1,....,N}}).
e Decorrelation vs No decorrelation. We investigated the
effect of removing rotation by setting R = I.

e Normalization vs No normalization. We studied the
sensitivity of our approach to normalization by setting

Yo =1

e Downstream density estimator. We replaced fxpg with
two other candidate methods. First, we used a single-
component Gaussian mixture model fgym

fon(X) (@) = N (2|fix. Bx )

fitted to the observed mean & and covariance matrix s
of a dataset X. Second, we used a k-nearest neighbor
approach finn [Loftsgaarden and Quesenberry, 1965]

k
Sinn (X)) () = =
N N Vy ming ||z — ||
reX

where V), is the volume of the M -dimensional unit
hypersphere. We used the rule-of-thumb & = |/N]|.
However, this estimator cannot generate samples.

While those four factors would theoretically lead to 24 esti-
mators, fxpg as well as fynn being invariant against rotation
and fgmm being invariant against any linear transformation
means that only 14 of ROME’s ablations are actually unique.

5 Results

5.1 Baseline Comparison

We found that ROME avoids the major pitfalls displayed by
the two baseline methods on the four tested distributions (Ta-
ble 1). Out of the two baseline methods, the manifold Parzen
windows (MPW) approach has a stronger tendency to over-
fit in the case of the two-dimensional distributions compared
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Table 3: Ablations (E 1, Aniso): When clustering, decorrelation and
normalization improve results for distributions with high intra-mode
correlation. ROME highlighted in gray.

Norm. | No norm.
Cluster. Decorr. \ No decorr. famm
Silhouette | 1.40to.s2 | 1.4lios2 | 3.652000 | 4372114
DBCV | 1.59x056 | 1.59os6 | 4244113 | 477123
No clus. ‘ 1.8240.60 ‘ 1.84+0.60 ‘ 3.17+0.89 ‘ 5.2941.34

Table 4: Ablations (W — 0, Two Moons): Excluding normalization
orusing fgmm as the downstream estimator is not robust against non-
normal distributions. ROME highlighted in gray.

to ROME, as quantified by lower Djs values achieved by
ROME. MPW does, however, achieve a better log-likelihood
for the Two Moons distribution compared to ROME. This
could be due to the locally adaptive non-Gaussian distribu-
tions being less susceptible to over-smoothing than our ap-
proach of using a single isotropic kernel for each cluster
if such clusters are highly non-normal. Lastly, in the case
of the pedestrian trajectories distribution, ROME once more
achieves better performance than MPW, with MPW perform-
ing worse both in terms of Djg and L.

Meanwhile, the vine copulas (VC) approach tends to over-

smooth the estimated densities (large positive W values), and
even struggles with capturing the different modes (see Figure
4). This is likely because VC uses KDE with Silverman’s rule
of thumb, which is known to lead to over-smoothing in the
case of multi-modal distributions [Heidenreich et al., 2013].
Furthermore, on the pedestrian trajectories distribution, we

observed both high Djs and W values, indicating that VC is
unable to estimate the underlying density; this is also indi-
cated by the poor log-likelihood estimates.

Overall, while the baselines were able to achieve better per-
formance in selected cases (e.g., MPW better than ROME in
terms of W and L on the Two Moons distribution), they have
their apparent weaknesses. Specifically, MPW achieves poor
results for most metrics in the case of varying densities within
the modes (Varied), while Vine Copulas obtain the worst per-
formance across all three metrics in the case of the multivari-
ate trajectory distributions. ROME, in contrast, achieved high
performance across all the test cases.

5.2 Ablation Studies

When it comes to the choice of the clustering method, our ex-
periments show no clear advantage for using either the silhou-
ette score or DBCV. But as the silhouette score is computa-
tionally more efficient than DBCYV, it is the preferred method.
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Normalization \ No normalization
Decorrelation No decorrelation fomm
Clustering JxDE Jinn JxDE Jinn \ JxDE Jinn
Silhouette ‘ 0.084+0.016 1.04540.064 ‘ 0.777+0.116 1.808+0.112 ‘ 0.015+0.011 1.887+0.118 ‘ 0.03240.007
DBCV ‘ 0.09040.015 1.11940.073 ‘ 0.89740.154 1.9374+0.109 ‘ 0.01740.012 1.93440.116 ‘ 0.04340.010
No clusters ‘ 0.00940.004 0.453+0.051 ‘ 0.015+0.012 1.04440.104 ‘ 0.00540.003 1.4784+0.132 ‘ 0.017+0.011

Table 5: Ablations (Djs |, Trajectories; values are multiplied by 10 for easier comprehension): Using finn as the downstream estimator

tends to lead to over-fitting. ROME highlighted in gray.

ROME KDE

Figure 5: Samples generated by ROME and KDE — equivalent to
ROME without clustering, decorrelation and normalization — (in
pink) contrasted with samples from p (in blue); Aniso. Note that the
samples by KDE are more spread out, indicating over-smoothing.

However, using clustering is essential, as otherwise there is
a risk of over-smoothing, such as in the case of multi-modal
distributions with varying densities in each mode (Table 2).

Testing variants of ROME on the Aniso distribution (Ta-
ble 3) demonstrated not only the need for decorrelation,
through the use of rotation, but also normalization in the case
of distributions with highly correlated features. There, us-
ing either of the two clustering methods in combination with
normalization and decorrelation (our full proposed method)
is better than the two alternatives of omitting only decorrela-
tion or both decorrelation and normalization. In the case of
clustering with the silhouette score, the full method is signif-
icantly more likely to reproduce the underlying distribution p
by a factor of 1.19 (with a statistical significance of 1079,
see Appendix B) as opposed to omitting only decorrelation,
and by 1.30 compared to omitting both decorrelation and nor-
malization. Similar trends can be seen when clustering based
on DBCYV, with the full method being more likely to repro-
duce p by a factor of 1.14 and 1.31 respectively. Results on
the Aniso distribution further show that KDE on its own is
not able to achieve the same results as ROME, but rather it
has a tendency to over-smooth (Figure 5). Additionally, the
ablation with and without normalization on the Two Moons
distribution (Table 4) showed that normalization is necessary
to avoid over-smoothing on non-normal distributions.

Lastly, investigating the effect of different downstream
density estimators, we found that using ROME with fynn in-
stead of fyxpg leads to over-fitting (highest Djg values in Ta-
ble 5). Meanwhile, ROME with fgum tends to over-smooth
the estimated density in cases where the underlying distribu-
tion is not Gaussian (high W in Table 4). The over-smoothing
caused by fgmw is further visualised in Figure 6.

In conclusion, our ablation studies confirmed that using
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ROME ROME with fomm

Figure 6: Samples generated by ROME, and ROME with fomm as
the downstream estimator (in pink) contrasted with samples from p
(in blue); Two Moons. Note that the samples from fomm are more
spread out, which clearly displays over-smoothing.

fxpE in combination with data clustering, normalization and
decorrelation provides the most reliable density estimation
for different types of distributions.

6 Conclusion

In our comparison against two established and sophisticated
density estimators, we observed that ROME achieved con-
sistently good results across all tests, while manifold Parzen
windows (MPW) and vine copulas (VC) were susceptible to
over-fitting and over-smoothing. For example, while MPW
is superior at capturing non-normal distributions, it produces
kernels with too small of a bandwidth (hence the over-fitting),
which is likely caused by the selected number of nearest
neighbors used for the localized kernel estimation being too
small. Meanwhile, compared to VC, ROME is numerically
more stable and does not hallucinate new modes in the esti-
mated densities (Figure 4). Furthermore, as part of several ab-
lation studies, we found that ROME overcomes the shortcom-
ings of other common density estimators, such as the over-
fitting exhibited by kNN or the over-smoothing by GMM. In
those studies, we additionally demonstrated that our approach
of using clustering, decorrelation, and normalization is indis-
pensable for overcoming the deficiencies of KDE.

Future work can further improve on our results by inves-
tigating the integration of more sophisticated density estima-
tion methods, such as MPW, instead of the kernel density esti-
mator in our proposed approach to enable better performance
on non-normal clusters.

Overall, by providing a simple way to accurately estimate
distributions based on samples, ROME can help in better han-
dling and evaluating probabilistic data as well as enabling
more precise probabilistic inference.
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